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Fig. 3 Magnitudes of open-loop transfer function (——) and of the HQQ closed-loop systems: ——, with the input shaping filter, and - - - -, with the
scaled input matrix.

the filter is represented by the dotted line. The equivalent structure
with the filter was obtained by scaling the disturbance input, ac-
cording to Eq. (6), and the magnitude of its transfer function is
shown in Fig. 2, as a dashed line. It is clear from that figure that
the structure with the filter and the structure with the scaled distur-
bance input have very similar frequency characteristics, and their
norms are ||G||oo = 2.6903 and ||G||2 = 453.2945 for the structure
with the filter and HGIL = 2.6911 and ||G||2 = 453.5661 for the
structure with the scaled disturbance input.

Two frequency weighted H^ controllers for this structure were
designed. The first one is based on the structure with a filter, whereas
the second is based on the structure with scaled input matrix. The
open- and closed-loop transfer functions are shown in Fig. 3. The
closed-loop performance of the structure with the filter and that with
the scaled input is almost identical. The closed-loop H^ norms are
as follows: HG^I^ = 0.09681 for the structure with the filter and
|| Gci || oo = 0.09676 for the structure with the scaled disturbance
input. In a similar manner, H2 controllers were designed. The closed-
loop H2 norms are as follows: ||Gci||2 = 108.6295 for the structure
with the filter, and ||Gci||2 = 108.7181 for the structure with the
scaled disturbance input.

Conclusions
It has been shown that for flexible structures the frequency shaping

of the system properties with input (output) filters is equivalent to the
scaling the modal input (output) matrix of the plant. This approach
simplifies the controller design process. Instead of introducing new
state variables, one modifies the gains of the modal input matrix. This
is possible because the modal states related to the gains are weakly
coupled, such that the modification of one state (or one gain) weakly
influence the others. In addition, physical interpretation of the states
remains unchanged and is related to the corresponding gains.
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I. Introduction

T HE stabilization problem of control systems with nonlineari-
ties in the input has become a subject of keen interest in recent

years, because nonlinearities inherently arise from practical actu-
ators in system realization, for example, saturation, quantization,
backlash, deadzone, and so on. The existence of nonlinear inputs
is a source of degradation or, worse, shows instability in the per-
formance of the system. Consequently, analysis of the problem of
stability in control system design that accounts for nonlinearities in
the input has become a subject of concern in research.1"5 In addi-
tion to nonlinearities in the input, there are plant uncertainties, which
originate from various sources, such as variation of plant parameters,
inaccuracy arising from identification, etc. Therefore, the analysis
of the problem of stability of robust control systems with plant un-
certainties is as important as the problem of nonlinearities in the
input.

In a robust control system, sliding mode control (SMC) is fre-
quently adopted due to its inherent advantages of fast response and
insensitivity to plant parameter variation and/or external perturba-
tion. However, thus far, all of the published SMC studies concentrate
on systems linear in the control input. The study of SMC for sys-
tems nonlinear in the control input has not been reported in the
literature. In this study, a new SMC law is designed to ensure the
global reaching condition of the sliding mode for uncertain systems
with series nonlinearities. An example is given to verify the validity
of the developed sliding mode controller.
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II. Problem Formulation
The general description of an uncertain system with nonlinear

input is given by

x(t) = Ax(t) + + /(*, p, 0 (1)

where jc(r) e Hn,u(t) e nm, p(t) € 7#, and f ( t ) e Hs are the state
variable, control input, uncertain parameter, and external perturba-
tion, respectively. A e U" x " is the state matrix, B € Un x m is the
input matrix, and O(w) e W is the nonlinear input function, which
will be defined later. It is also assumed that, for any initial condition
jc(f0) =*o e Kn, parameter p(t) e Kq, and control input u(t) € nm,
there exists a unique x (t ; jc0, p, M) that satisfies the system described
in Eq. (1).

To delineate the nonlinear input function <I>, the following defi-
nitions are required.

Definition 1: Let diagonal matrix T == diag[yi, . . . , ym] e Rm x m

be positive definite.
Definition 2: The allowed series nonlinearities <$(•) belong to the

set

{* : • , m, u e 7T*

(2)

Remark 1: For the nonlinearity <J>(w) € ty, $>(u) satisfies

> uTVu > yuTu (3)

where y = minjyi , . . . , ym } and UT is the transpose of M. For system
(1), the following assumptions are made throughout.

Assumption 1: For all / = 1, . . . , m, if M/ =0, then <!>/(M) = 0.
Assumption 2: For the uncertain system (1), matrix pair (A, B)

is controllable.
Assumption 3: For the external disturbance of the system,

/(jc, p, 0 meets the following matching condition:

/(*, p, t) = Be(x, p, 0, lk(*. P, Oil < a\\x\\ + £

V(jt, p, 0 e ft" x ft* x ft (4)

where a and 0 are known nonnegative constants and || W \\ is the
Euclidean norm when W is a vector or the induced norm when W
is a matrix.

III. Controller Design
A systematic procedure for sliding mode controller design of un-

certain nonlinear control systems is presented. There are two major
phases in SMC design: 1) to select an appropriate switching surface
for the system to ensure that the sliding motion on the switching
hyperplane possesses the desired properties and 2) to determine a
law for the switching control that is able to force the system mov-
ing toward the sliding surface and staying on it. First, the switching
surface is defined as

cr(0 = (5)

where JC e Tlm x" is a constant matrix that needs a nonzero de-
terminant of the product matrix (JCB). As long as the sliding
mode a ( t ) = 0 results, it is always accompanied by the condi-
tion a(t) = 0. Therefore, the following equivalent control <3>eq in
the sliding mode can be derived from ]Cx(t) = 0:

(6)

Remark 2: Note that the equivalent control 3>eq is a mathematical
tool derived for the analysis of sliding motion rather than a real
control law that can be generated in practical systems. Also note
that the equivalent control generates an ideal sliding motion on the
switching surface, whereas the real SMC generates a trajectory close
to the ideal sliding motion around the switching surface.

Consequentially, the equivalent dynamic system with nonlinear
input in the sliding mode is given as

x(t) = [I - (7)

where / is an n x n identity matrix. However, for the nominal
system x(t) = Ax(t) + #<fc[w(f)], its equivalent control 3>eq =
— (JCB)~lJCAx yields the same equivalent dynamic system (7) in the
sliding mode. It can be seen that the system dynamics is dominated
by the sliding motion, and the invariance condition holds for the
system with nonlinear input. From the preceding analysis, it can be
seen that uncertain systems possess the same properties in the sliding
mode irrespective of whether or not there are input nonlinearities.
Thereby, selection of a switching surface can go through the same
process of SMC design for systems with linear input, for example,
as given in Refs. 6 and 7.

Once a proper switching plane has been chosen, it is followed
by choosing a discontinuous control law to complete the sliding
mode controller design. Before constructing the desired controller,
the following lemma has to be established.

Lemma 1: For all allowable nonlinearities <J>, belonging to set ty in
Eq. (2), there exists a known continuous function p(-) : /?+-> R+,
p(0) = 0, p(p) > 0 for p > 0, such that, for all u e Rm,

P(IMI) < UT<$>(U} (8)

and there also exists a continuous function < / > ( • ) • R+-> R+, $ (0) =
0, 0(p) > 0 for p > 0, such that, for all q > 0,

Proof: We can choose p(p) = yp2 with y > 0, then

P(INI) = ylMI 2 - yuTu < UT<$>(U) (10)
Next, if we take 0(#) = 8q with 8 > 1/y, then

D

To obtain asymptotical stability of the sliding mode, the desired
controller is suggested by

f}T ](~T/T ff\

(12)

where </>(q) = 8q with 8 > 1/y, and function q (•) : R" x R -> R
is defined as

q(xt t) = n[[\\(KBrllCA\\ ] + j8), rj > 1 (13)

Note that ||w(OII =<l>(q), which is implied in Eq. (12). In the fol-
lowing theorem, the developed control law (12) will be proven to be
able to drive the uncertain system trajectory into the sliding mode
a (0-0.

Theorem 1: Let us consider the uncertain system (1) with series
nonlinearities that is subjected to assumptions 1-3. If the applied
input u(t) to the system is defined by Eq. (12), then the sliding
motion of the system trajectory is guaranteed to be asymptotically
stable.

Proof: Let V = 5 11^(0 II 2 be the Lyapunov function candidate
of system (1), then its time derivative V = a T (t)cr(t). Now consider
the hitting condition of the sliding mode in Eq. (5). By substituting
Eq. (1) into the time derivative x ( t ) in cr(t), we get the following
result:

crT(t)cr(t) = crT(t)JC{Ax(t) Be(x, p, t)} (14)

Then applying Eq. (4) and ||A£|| < ||A||||£|| to Eq. (14), we get

(15)
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By combining Eqs. (3) and (12), we get

Because ||u|| =

y(u_nl): i , y(u_l): 2

, from lemma 1, we obtain

(17)

Therefore, from Eqs. (16) and (17) the following expression can be
derived:

aT1CB<$>(u) < -q(x, t)\\BT JCTa\\

By placing Eq. (18) into Eq. (15), we get

ffT(t)ff(t) < \\crTJCB\\[\\(JCBrlJCA\\\\x\\ -q(x, t) + [a \\x

= (1 - ri)\\aTJCB\\{[\\(KBrl£A\\+a]\\x\\+p}

(18)

(19)

Because rj > 1 has been assumed in Eq. (13), one can directly con-
clude that <JT (t)cr(t) < 0. Thus, the proof is achieved completely.

D
Remark 3: For a case where <£(«) denotes a sector-bounded

vector, the proposed SMC (12) still works effectively for systems
with sector-bounded nonlinear inputs. Let $>[u(t)] = { O i ( w ) , . . . ,
®mW}> where <£/(w) for / = 1 , . . . , m is characterized by

< M r -4>/ (M) < 7///M2 (20)

Then we have yLuTu < w rO(w) < yHuTu, where yL = min{yLi,
. . . ,y L m }andy/ /= max{y//i, . . . , y«OT}.IfweletyL = y and/// ->
oo, then the sector function <£(w) satisfies Eq. (3); that is, the up-
per bound of the sector nonlinearities can be released. Therefore,
Eq. (12) is applicable to the system with sector-bounded inputs.

Remark 4: If $>(u) = u, which means that the system has no
nonlinear inputs, then the proposed SMC law in Eq. (12) is still
applicable to control such a system as long as y < 1, because

= uTu>yuTu is always satisfied.

IV. Illustrative Example
Consider the following uncertain systems with/without nonlinear

inputs. The initial condition jc(0) = [ 1 3 -3]r is arbitrarily taken
for both systems.

System 1:

x ( t ) = Ax(t) +

y(r) =

+ e(x, p, 0)

System 2:

= Ax(t) + B\u(t) + e(x, p, 0]

y(0 = [l 0 0]x(t)

where

A =
' 0 1 0 "

0 0 1
-1 -3 -1

B =

g(jc, /?, 0 = (0.3 +

For both systems, the switching hyperplane is selected as

cr(0 =

a) System i(0 = Ax(t) + B [$(zi) + e]

b) System x(t) = Ax(t) + B(u + e)

Fig. 1 Output y controlled by u - un\91, and u = M/, 2.

From Eq. (12) and by following the procedure of SMC design for
a system without input nonlinearity,7 we have

BT1CTa(t)
IIBT1CTa (Oil

where wni is designed for system 1 and w/ is designed for system 2,
respectively.

On the basis of Eqs. (3) and (4), the following coefficients are
taken:

= 1.11, a = 0.5, = 0.5, 77 =

For system 1, Fig. la shows the transient response of output y,
controlled by wni and w/, respectively. The developed sliding mode
controller un\ for the nonlinear control system does work effectively;
however, the sliding mode controller u\ designed for the linear con-
trol system cannot control a system with nonlinear input to obtain
the desired dynamics of the system. For system 2, Fig. Ib shows
the performance of output >>, which is well controlled by the sliding
mode controllers Mnl and «/, respectively. It is obvious to see that
the proposed SMC law is suitable for systems with or without series
nonlinearities, whereas the traditional SMC is not applicable to a
system with series nonlinearities.

V. Conclusions
A new sliding mode controller is proposed for the purpose of

stabilizing uncertain systems with series nonlinearities. The study
shows an SMC design to ensure the global reaching condition of the
sliding mode for uncertain systems with series nonlinearities. Uncer-
tain nonlinear control systems possess the same attractive feature of
insensitivity to uncertainty and/or perturbation as do linear control
systems. In addition, the developed controller can control systems
with or without nonlinear inputs, which cannot be achieved by the
traditional SMC designed for systems without nonlinearities.
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Introduction

O F the many representations that exist for attitude, quaternions
are popular for several reasons.

1) The propagation differential equations have no singularities,
in contrast to, e.g., Euler's angles or Gibbs' vectors,1 which require
special handling near these points.

2) Modulo a scaling factor, the quaternion is a minimal three-
degree-of-freedom representation of attitude as opposed to, e.g., di-
rection cosine matrices, which must be orthonormalized in practical
applications.

3) There are a number of simple and direct methods available to
implement controllers with quaternion feedback, which are globally
stable.2"4

In this Note, we examine the decomposition of the quaternion
attitude representation in terms of a basis formed using observation
unit vectors and a number of direct applications of this result. In
particular, we will consider the implementation of a global attitude
estimation scheme in both recursive and batch form. The latter batch
algorithm may be shown to be identical to the quaternion estimation
(QUEST) algorithm.5

Representations and Conventions
Vector arrays should always be considered to be column arrays,

with superscript T indicating transposition to a row vector. We define
the quaternion # 6 H, the division ring of 4-tuple real quaternions,6'7
with group composition given by

(D

componentwise addition, and identity # = (0, 0, 0, 1). In Eq. (1),
x denotes the vector cross product, and we have introduced the
shorthand representation of a quaternion as q = (Q, q), where Q e
R3 is the so-called vector part of the quaternion and q e R is the
scalar part.

The subscript on a given quaternion in Eq. (1) is a helpful
mnemonic, which indicates the rotation that it represents, e.g., q\2 is
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associated with the rotation transformation from a given reference
frame 1 to reference frame 2. Note that composition takes place in
such a way that the common reference frame is contiguous.

There exist maps p: V -> R3 and i: R3 -> V termed canonical
projection and inclusion, respectively, which establish a correspon-
dence between vectors in R3 and the subset V C H consisting of
quaternions with scalar part equal to zero. In general, the action of
these operators shall be implicit. An example of this duality is the
rotation of vectors in/?3, which is identified with the conjugacy class
of V in H

V* = = qu o v2 o q-* | qn eH,v2e V} (2)

Note how the subscripts line up in a consistent way in this represen-
tation.

For numerical considerations in practical applications, attention
is often focused on the subgroup U < H of unit quaternions, those
for which the Euclidean norm in R4 is unity, and for which inver-
sion is trivial negation of the vector part of the quaternion. The unity
magnitude ofqeU implies U ~ S3, the three sphere endowed with
the quaternion group structure. For clarity of presentation, quater-
nions in this Note are generally not constrained to be unit quater-
nions.

Quaternion Parameterization
Using Observation Unit Vectors

Suppose that a unit vector x i in a given Euclidean reference frame
1 is to be transformed to a new unit vector jc2 in frame 2 via conjuga-
tion by the quaternion q\2 as in Eq. (2). The quaternion in question
might take the form of

(3)

where the ~ symbol has been used to indicate that qn is equivalent
to any quaternion that may be obtained by scaling expression (3).
This quaternion represents the minimum angle rotation required to
transform jci to Jt2.

If we visualize the transformation process, it is the rotation about
an axis orthogonal to both x\ and :e2, as pictured in the top-center
position in Fig. 1. Figure 1 is somewhat misleading, in that the
vector part of the quaternion appears to be the negative axis of
rotation. However, the quaternion represents the rotation of a frame
of reference in which vector jci appears as vector x2 following the
rotation, and so the vector part of the quaternion is actually the
positive axis of rotation in this sense.

Another quaternion that would rotate x\ into x2 is given by

(4)

which represents a 180-deg rotation as shown in the lower-left po-
sition in Fig. 1.

Fig. 1 Transformations.


